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Integer Order Gaussian Moments

Jośe Ricardo Mendes and Michel Daoud Yacoub

In this work, integer order moments of Gaussian random variables are deduced.

I. GAUSSIAN MARGINAL MOMENT

Suppose a Gaussian random variableX, with meanaX and varianceσ2
X , and the zero mean variate

X̃ = X − aX . Then, givenl ∈ N, it follows that

E
{

X l
}

=
l

∑

j=0

[(

l

j

)

al−j
X E

{

X̃j
}

]

. (1)

The expected value of̃Xj, j ∈ N, is given in [1, equação (5-73)]:

E
{

X̃j
}

=







(j − 1)!!σj
X j even

0 j odd
, (2a)

where

(j − 1)!! =







(j − 1) · (j − 3) · ... · 6 · 4 · 2 (j − 1) even

(j − 1) · (j − 3) · ... · 5 · 3 · 1 (j − 1) odd
. (2b)

From (1) and (2),

E
{

X l
}

= al
X

⌊l/2⌋
∑

j=0

[(

l

2j

)

(2j − 1)!!

kj
X

]

, (3a)

wherekX = a2
X/σ2

X , and ⌊·⌋ is the largest integer less than or equal to the input value. Alternatively,

using (2j − 1)!! = (2j)!/(2jj!), j ∈ N,

E
{

X l
}

= al
X l!

⌊l/2⌋
∑

j=0

[

1

(2kX)j(l − 2j)!j!

]

. (3b)

Then, the ratio

γ1(l; kX) =
E

{

X2l
}

σ2l
X

(4a)
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is

γ1(l; kX) =
(2l)!

2l

l
∑

j=0

[

(2kX)j

(2j)!(l − j)!

]

. (4b)

II. GAUSSIAN JOINT MOMENTS

A. Two Random Variables

Suppose the joint Gaussian random variablesX andY , respectively with meansaX andaY , variances

σ2
X and σ2

Y , and correlation coefficientν, and also the zero mean variates̃X = X − aX and Ỹ − aY .

Then, givenli ∈ N, i = 1, 2, it follows that

E
{

X2l1Y 2l2
}

=

2l1
∑

j1=0

2l2
∑

j2=0

[(

2l1
j1

) (

2l2
j2

)

a2l1−j1
X a2l2−j2

Y E
{

X̃j1Ỹ j2
}

]

. (5)

Similarly, the ratios

γ2(l;k; ν) =
E

{

X2l1Y 2l2
}

(σ2l1
X σ2l2

Y )
(6a)

and

̺2(j; ν) =
E

{

X̃j1Ỹ j2
}

(σj1
Xσj2

Y )
, (6b)

wherel = [l1 l2] ∈ N
2, j = [j1 j2] ∈ N

2, andk = [kX kY ] = [a2
X/σ2

X a2
Y /σ2

Y ], are related by

γ2(l;k; ν) = kl1
Xkl2

Y

2l1
∑

j1=0

2l2
∑

j2=0

[(

2l1
j1

) (

2l2
j2

)

̺2(j; ν)

(kj1
Xkj2

Y )1/2

]

. (6c)

The deduction of̺ 2(j; ν) is performed departing from the JPDF of̃X and Ỹ ,

fX̃Ỹ (x̃, ỹ) =
1

2πσXσY

√
1 − ν2

exp

[

− 1

2(1 − ν2)

(

x̃2

σ2
X

+
ỹ2

σ2
Y

− 2ν
x̃ỹ

σXσY

)]

, (7a)

and from the definition of joint moment,

E
{

X̃j1 Ỹ j2
}

=

∫ ∞

−∞

∫ ∞

−∞

x̃j1 ỹj2fX̃Ỹ (x̃, ỹ)dx̃dỹ. (7b)

Then, substituting (7a) into (7b), using̺2(j; ν) = E
{

X̃j1Ỹ j2
}

/(σj1
Xσj2

Y ), and making some algebraic
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manipulations:

̺2(j; ν) =
1√

2πσj1
Xσj2+1

Y

∫ ∞

−∞

ỹj2MX̃(ỹ) exp

(

− ỹ2

σ2
Y

)

dỹ, (8a)

where

MX̃(ỹ) =
1

√

2π(1 − ν2)σX

∫ ∞

−∞

x̃j1 exp

[

− 1

2(1 − ν2)σ2
X

(

x̃ − ν
σX

σY
ỹ

)2
]

dx̃. (8b)

Observing thatMX̃(ỹ) is the moment of orderj1 ∈ N of a Gaussian random variable with meanν(σX/σY )ỹ

and variance
√

(1 − ν2)σX , and using (3b),

MX̃(ỹ) = j1!ν
j1σj1

X

⌊j1/2⌋
∑

n=0

[

σ2n−j1
Y ỹj1−2n

2nn!(j1 − 2n)!

(

1 − ν2

ν2

)n
]

. (9)

Replacing (9) into (8a), it follows that

̺2(j; ν) = j1!ν
j1

⌊j1/2⌋
∑

n=0

[

σ2n−j1−j2
Y MỸ

2nn!(j1 − 2n)!

(

1 − ν2

ν2

)n
]

, (10a)

where

MỸ =
1√

2πσY

∫ ∞

−∞

ỹj1+j2−2n exp

(

− ỹ2

σ2
Y

)

dỹ. (10b)

Observing thatMỸ is the moment of order(j1 +j2−2n) ∈ N of a zero mean Gaussian random variable

with varianceσY , and using (2),

MỸ =







(j1 + j2 − 2n − 1)!!σj1+j2−2n
Y (j1 + j2) even

0 (j1 + j2) odd
. (11)

Thus, from (10a) and (11), it results that

̺2(j; ν) =















j1!ν
j1

⌊j1/2⌋
∑

n=0

[

(j1 + j2 − 2n − 1)!!

2nn!(j1 − 2n)!

(

1 − ν2

ν2

)n]

(j1 + j2) even

0 (j1 + j2) odd

. (12)

B. Four Random Variables

Suppose the joint Gaussian random variablesX1, Y1, X2, andY2, respectively with meansaX1
, aY1

,

aX2
, andaY2

, and variancesσ2
X1

, σ2
Y1

, σ2
X2

, andσ2
Y2

. Besides, assumeXi uncorrelated ofYi, i = 1, 2, and
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the correlation coefficients

ν1 =
Cov {X1, X2}

σX1
σX2

=
Cov {Y1, Y2}

σY1
σY2

(13a)

and

ν2 =
Cov {X1, Y2}

σX1
σY2

= −Cov {Y1, X2}
σY1

σX2

. (13b)

Now, considerX̃1 = X1 − aX1
, Ỹ1 = Y1 − aY1

, X̃2 = X2 − aX2
, andỸ2 = Y2 − aY2

. Then, givenli ∈ N,

i = 1, 2, 3, 4, it follows that

E
{

X2l1
1 Y 2l2

1 X2l3
2 Y 2l4

2

}

=

2l1
∑

j1=0

2l2
∑

j2=0

2l3
∑

j3=0

2l4
∑

j4=0

[(

2l1
j1

) (

2l2
j2

) (

2l3
j3

)(

2l4
j4

)

×a2l1−j1
X1

a2l2−j2
Y1

a2l3−j3
X3

a2l4−j4
Y2

E
{

X̃j1
1 Ỹ j2

1 X̃j3
2 Ỹ j4

2

}]

. (14)

Analogously, the relation between the ratios

γ4(l; k; ν) ,
E

{

X2l1
1 Y 2l2

1 X2l3
2 Y 2l4

2

}

(σ2l1
X1

σ2l2
Y1

σ2l3
X2

σ2l4
Y2

)
(15a)

and

̺4(j; ν) ,
E

{

X̃j1
1 Ỹ j2

1 X̃j3
2 Ỹ j4

2

}

(σj1
X1

σj2
Y1

σj3
X2

σj4
Y2

)
, (15b)

where l = [l1 l2 l3 l4] ∈ N
4, k = [kX1

kY1
kX2

kY2
] = [a2

X1
/σ2

X1
a2

Y1
/σ2

Y1
a2

X2
/σ2

X2
a2

Y2
/σ2

Y2
], ν =

[ν1 ν2], and j = [j1 j2 j3 j4] ∈ N
4, is

γ4(l; k; ν) =kl1
X1

kl2
Y1

kl3
X2

kl4
Y2

2l1
∑

j1=0

2l2
∑

j2=0

2l3
∑

j3=0

2l4
∑

j4=0

[

(

2l1
j1

) (

2l2
j2

) (

2l3
j3

) (

2l4
j4

)

̺4(j; ν)

(kj1
X1

kj2
Y1

kj3
X2

kj4
Y2

)1/2

]

. (16)

The deduction of̺ 4(j; ν) is performed departing from the JPDF ofX̃ = [X̃1 X̃2] andỸ = [Ỹ1 Ỹ2],

f
X̃Ỹ

(x̃, ỹ) =
1

4π2σX1
σY1

σX2
σY2

(1 − ρ2)
exp

[

− 1

2(1 − ρ2)

(

x̃2
1

σ2
X1

+
ỹ2

1

σ2
Y1

+
x̃2

2

σ2
X2

+
ỹ2

2

σ2
Y2

−2ν1
x̃1x̃2

σX1
σX2

− 2ν1
ỹ1ỹ2

σY1
σY2

− 2ν2
x̃1ỹ2

σX1
σY2

+ 2ν2
ỹ1x̃2

σY1
σX2

)]

, (17a)
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wherex̃ = [x̃1 x̃2], ỹ = [ỹ1 ỹ2], andρ =
√

ν2
1 + ν2

2 , and from the definition of joint moment,

E
{

X̃j1
1 Ỹ j2

1 X̃j3
2 Ỹ j4

2

}

=

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

x̃j1
1 ỹj2

1 x̃j3
2 ỹj4

2 f
X̃Ỹ

(x̃, ỹ)dx̃1dỹ1dx̃2dỹ2. (17b)

Then, substituting (17a) into (17b), using̺4(j; ν) = E
{

X̃j1
1 Ỹ j2

1 X̃j3
2 Ỹ j4

2

}

/(σj1
X1

σj2
Y1

σj3
X2

σj4
Y2

), and making

some algebraic manipulations:

̺4(j; ν) =
(σj1

X1
σj2

Y1
σj3

X2
σj4

Y2
)−1

2πσX2
σY2

∫ ∞

−∞

∫ ∞

−∞

x̃j3
2 ỹj4

2 MX̃1
(x̃2, ỹ2)MỸ1

(x̃2, ỹ2) exp

(

− x̃2
2

σ2
X2

− ỹ2
2

σ2
Y2

)

dx̃2dỹ2,

(18a)

where

MX̃1
(x̃2, ỹ2) =

1
√

2π(1 − ρ2)σX1

∫ ∞

−∞

x̃j1
1 exp

[

− 1

2(1 − ρ2)σ2
X1

(

x̃1 − ν1
σX1

σX2

x̃2 − ν2
σX1

σY2

ỹ2

)2
]

dx̃1

(18b)

MỸ1
(x̃2, ỹ2) =

1
√

2π(1 − ρ2)σY1

∫ ∞

−∞

ỹj2
1 exp

[

− 1

2(1 − ρ2)σ2
Y1

(

ỹ1 − ν1
σY1

σY2

ỹ2 + ν2
σY1

σX2

x̃2

)2
]

dỹ1. (18c)

Note thatMX̃1
(x̃2, ỹ2) andMỸ1

(x̃2, ỹ2) are moments, respectively of ordersj1 ∈ N andj2 ∈ N, of Gaus-

sian random variables, respectively with means[ν1(σX1
/σX2

)x̃2 + ν2(σX1
/σY2

)ỹ2] and [ν1(σY1
/σY2

)ỹ2 −

ν2(σY1
/σX2

)x̃2] and variances
√

(1 − ρ2)σX1
and

√

(1 − ρ2)σY1
. Then, using (3b) forMX̃1

(x̃2, ỹ2) and

MỸ1
(x̃2, ỹ2),

MX̃1
(x̃2, ỹ2) = j1!σ

j1
X1

⌊j1/2⌋
∑

n1=0

[

(1 − ρ2)n1

2n1n1!(j1 − 2n1)!

(

ν1
x̃2

σX2

+ ν2
ỹ2

σY2

)j1−2n1

]

(19a)

MỸ1
(x̃2, ỹ2) = j2!σ

j2
Y1

⌊j2/2⌋
∑

n2=0

[

(1 − ρ2)n2

2n2n2!(j2 − 2n2)!

(

ν1
ỹ2

σY2

− ν2
x̃2

σX2

)j2−2n2

]

. (19b)

Applying the Newton’s Binomial formula,

(

ν1
x̃2

σX2

+ ν2
ỹ2

σY2

)j1−2n1

=

j1−2n1
∑

n3=0

[

(

j1 − 2n1

n3

)

νn3

1 νj1−2n1−n3

2

x̃n3

2 ỹj1−2n1−n3

2

σn3

X2
σj1−2n1−n3

Y2

]

, (20a)

(

ν1
ỹ2

σY2

− ν2
x̃2

σX2

)j2−2n2

=

j2−2n2
∑

n4=0

[

(

j2 − 2n2

n4

)

(−1)n4νj2−2n2−n4

1 νn4

2

x̃n4

2 ỹj2−2n2−n4

2

σn4

X2
σj2−2n2−n4

Y2

]

. (20b)
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From (18), (19), and (20),

̺4(j; ν) = j1!j2!ν
j2
1 νj1

2

⌊j1/2⌋
∑

n1=0

⌊j2/2⌋
∑

n2=0

j1−2n1
∑

n3=0

j2−2n2
∑

n4=0

[(

j1 − 2n1

n3

) (

j2 − 2n2

n4

)

1

(j1 − 2n1)!(j2 − 2n2)!

×
MX̃2

MỸ2

σj3+n3+n4

X2
σj1+j2+j4−2n1−2n2−n3−n4

Y2

(−1)n4(1 − ρ2)n1+n2

2n1+n2n1!n2!ν
2n2

1 ν2n1

2

(

ν1

ν2

)n3−n4

]

, (21a)

where

MX̃2
=

1√
2πσX2

∫ ∞

−∞

x̃j3+n3+n4

2 exp

(

− x̃2
2

σ2
X2

)

dx̃2 (21b)

MỸ2
=

1√
2πσY2

∫ ∞

−∞

ỹj1+j2+j4−2n1−2n2−n3−n4

2 exp

(

− ỹ2
2

σ2
Y2

)

dỹ2. (21c)

Note thatMX̃2
andMỸ2

are moments, respectively of orders(j3 + n3 + n4) ∈ N and (j1 + j2 + j4 −

2n1 − 2n2 − n3 − n4) ∈ N, of zero mean Gaussian random variables, respectively withvariancesσX2
and

σY2
. Therefore, using (2) forMX̃2

andMỸ2

MX̃2
=







(j3 + n3 + n4 − 1)!!σj3+n3+n4

X2
(j3 + n3 + n4) even

0 (j3 + n3 + n4) odd
(22a)

MỸ2
=











(j1 + j2 + j4 − 2n1 − 2n2 − n3 − n4 − 1)!!

σ
−(j1+j2+j4−2n1−2n2−n3−n4)
Y2

(j1 + j2 + j4 − n3 − n4) even

0 (j1 + j2 + j4 − n3 − n4) odd

. (22b)

Thus, the productMX̃2
MỸ2

is

MX̃2
MỸ2

=
(j3 + n3 + n4 − 1)!!(j1 + j2 + j4 − 2n1 − 2n2 − n3 − n4 − 1)!!

σ
−(j3+n3+n4)
X2

σ
−(j1+j2+j4−2n1−2n2−n3−n4)
Y2

(23a)

if both (j1 + j2 + j3 + j4) and (j3 + n3 + n4) are even, and

MX̃2
MỸ2

= 0 (23b)

otherwise.

From (21) and (23),

̺4(j; ν) = j1!j2!ν
j2
1 νj1

2

⌊j1/2⌋
∑

n1=0

⌊j2/2⌋
∑

n2=0

j1−2n1
∑

n3=0

j2−2n2
∑

n4=0

[

(j1 + j2 + j4 − 2n1 − 2n2 − n3 − n4 − 1)!!

(j1 − 2n1 − n3)!(j2 − 2n2 − n4)!

× [(−1)j3+n3 + (−1)n4 ](j3 + n3 + n4 − 1)!!

2n1+n2+1n1!n2!n3!n4!

(1 − ρ2)n1+n2

ν2n2

1 ν2n1

2

(

ν1

ν2

)n3−n4

]

(24a)
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for (j1 + j2 + j3 + j4) even, and

̺4(j; ν) = 0 (24b)

for (j1 + j2 + j3 + j4) odd.
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