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Integer Order Gaussian Moments

Jo< Ricardo Mendes and Michel Daoud Yacoub

In this work, integer order moments of Gaussian random blgare deduced.

. GAUSSIAN MARGINAL MOMENT

Suppose a Gaussian random varialile with meanax and variances%, and the zero mean variate

X =X —ax. Then, givenl € N, it follows that
LT/
I _ l—j i
E{X}_jZOKj)aX B{X }} (1)

The expected value ak?, j € N, is given in [1, equacao (5-73)]:

E{X]} _ { (7 — Dok j even | (28)

0 j odd

where
(j—l)!!{ (j—1)-(j—3)-...-6-4-2 (j—1) even | (o)
G—-1-(j—3)-..-5-3-1  (j—1) odd
From (1) and (2),
LA/ (27—
n 1

E{X'} =dy ; KQJ) 7%( } : (3a)

whereky = a% /0%, and|-] is the largest integer less than or equal to the input valueriatively,

using (25 — ! = (25)!/(274!), j € N,

11/2]
1
E{X" =dl.1 { : , ] (3b)
(X} = ay j; (2kx )7 (1 — 27)!4!
Then, the ratio
E X2l
Nl kx) = % (4a)

X
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is
@'y (2k
W(kx) = =~ x)’ 4b
x) 2t jz [ (21— 5)! } (40)
[I. GAUSSIAN JOINT MOMENTS
A. Two Random Variables

Suppose the joint Gaussian random variabteandY’, respectively with meansy anday, variances
0% ando?, and correlation coefficient, and also the zero mean variat¥s= X — ax andY — ay.

Then, givenl; € N, i = 1,2, it follows that

201 2ls
B {X2lly2lg} Z Z |:<2l1) <2l2> a??—jla?/lz—jéE {X’jlf/jz}} . (5)

J1=0j2=0
Similarly, the ratios
E X2l1Y2l2
YLk v) = ({Tﬂz)} (6a)
Ox Oy
and
E {X’jlf/jz}
0(Jiv) = — (6b)
(ox0y?)

wherel = [l I5] € N?, j = [j1 j»] € N?, andk = [kx ky| = [d%/o% a3 /o], are related by
201 22 .
21 21 ;
oLk v) = klklZZK 1) ( ,2) %} (6¢)
Jj1=072=0 J2 (kaY)/
The deduction obs(j; ) is performed departing from the JPDF &fandY’,

1 1 2 P Ty )}
oo (7, 7) = exp | ————~ + = —2v , 7a
fxv(2,9) QWUXUY\/m P { 2(1 —v?) (aX JY Ox0y (72)

and from the definition of joint moment,

p{x7r) = [ [ #gretaiag (7b)

Then, substituting (7a) into (7b), using(j;v) = £ {Xﬁf/j?} /(aﬁéa{?) and making some algebraic
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manipulations:

. 1 * _ 3]2> _
Y T2 M exp | —= | dy, 8a
i) = [ M (2 ) (8a)

where

~ 1 ~ Ox . ? ~
M; i — | - dz. 8b
0 [t () ]e
Observing thafl/ ¢ () is the moment of ordef; € N of a Gaussian random variable with megnx /oy )y

and variance\/(1 — v?)ox, and using (3b),

Lj1/2] 2n—ji1 n n
My (9) _]1'le0']1 Z lgnnl(jlyilg; (1;21/2) ] ' 9)
Replacing (9) into (8a), it follows that
l71/2] 2n—j1—j n
o = $2 [t (2]
where
My = ! /00 G2 e <_§_2> dy. (10b)
V2moy J - oy

Observing that\/y is the moment of ordefj; +j, —2n) € N of a zero mean Gaussian random variable

with varianceoy, and using (2),

i 4Gy — 2n — )it (51 5) even
M;/ _ (J1 J2 ) Y (J-l J%) . (11)
0 (j1 + j2) odd

Thus, from (10a) and (11), it results that

/2] ¢, . ) N
1y Gitj—2n—DI (1—v o

v even
wiioy = 2 [ Sl =2\ 12 (1 + ) even

(12)
0 (]1 + jg) odd

B. Four Random Variables

Suppose the joint Gaussian random variablgs Y;, X,, andY;, respectively with meansy,, ay;,

ax,, anday,, and variances , oy, 0%,, andoy, . Besides, assum&; uncorrelated of;, : = 1,2, and
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the correlation coefficients

y, _ Cov{Xy, Xa}  Cov{¥ Yy} (13a)

0x,0X, Oy,0Y,

and

,, - Cov {(X1, Y2} Cov{¥1, X5} (13b)

0x,0Y, 0y, 0X,

Now, considerX; = X; —ax,, Y1 = Yi —ay,, X2 = X5 —ax,, andY; = Y, — ay,. Then, given, € N,
1=1,2,3,4, it follows that

E{X{"Y X5V} = iiii K%) <212) (2'13) <2'l4)

J1=032=0j3=0 js=0 J3 Ja

2l1—j1 2la—j2 2l3—j3 2la—ja YR VPR YNER VI
Xay, tay Pay, Pay M E XY XPY ] (14)

Analogously, the relation between the ratios

E {X211Y2l2X2l3Y214}
n(lkv) £ 30, _2l; 2l 2l (152)
(leayl 0x,0y, )
and
E { Xy stf/j@}
os(j;v) £ , (15b)
(O-Xlo-{/%lo-]X?)go-Yg)
wherel = [I; I I3 Iy € N, k = [kx, ky, kx, ky,] = [agﬁ/ag(l a%l/ag/l a§(2/a§(2 a%/o%], v =
[ ], andj = [j1 jo js ju) € N*, is
201 2lo 2[3 2ly 3
2l1 2l2 2l3 2l4 Q4(J, I/)
sk v) =K% K2 K% ks ( )( )( )( ) s (16)
4( ) X1y "X Y;]JQZOJSZOMZO Js Ja (kﬁlkﬁkﬁk{é)m

The deduction of,(j; ) is performed departing from the JPDF Bf= [X; X,] andY = [V; Y3,

1 1 I
47T20X10Y10X20Y2(1 - p2> b |:_2(1 - p2) (Og(l - 0—1/1 - a—)('g " 0—1/2
T1Z9 Y2 20, T1Yo 2w, Y122 )} | (17a)

fxv(X,¥) =

—21/1

— 21/1
0x,0Xx, Oy,0Y, 0x,0Y, Oy, 0 X,
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wherex = (&1 Z2], ¥ = [1 72|, andp = /12 + v2, and from the definition of joint moment,
p{pvesgiy) = [ [ [ i e & s dndndndn. @7

Then, substituting (17a) into (17b), using(j; v) = E {X{lﬁﬁ)?gagﬂ} /(o2 082 o2 oit), and making

some algebraic manipulations:

. (ol o2 0% of ~ . o 72 2\
0a(j;v) = X12 — Y2 / / $%3?/%4M (T2, yQ)MYl(fEQayQ) exp —T2 - y_22 dTadys,
7T0-X20-Y2 UXQ UYQ

where

1 - X, ~ OX, . 2 ~
7‘[~ _ 1 _ 1 d
Xl (fEQ? y2) \/17_0-)(1 / xl eXp [ (1 . p2)0'§(1 (xl Vl O'X2 ZEQ I/Q O'Y2 y2) xl

(18b)

Y1 ~ UY1 ~
M;. Y2 + 1o To

1 o 2
To, exp _ —v
1( 2,02) = %1 — UY1/ CU1 [ 2(1 - pQ)O_YI <y1 1UY2 ox, )

Note thatM ;. (72, §2) and My, (72, §) are moments, respectively of ordgisc N andj, € N, of Gaus-

d’gl. (18C)

sian random variables, respectively with meansox, /ox,)T2 + va(0x, /0y,)72] and [v1(oy, /oy, )Ta —
vy (0y, /ox,)T2] and variances,/(1 — p?)ox, and /(1 — p?)oy,. Then, using (3b) forM ; (7, 7.) and

My, (Z2,92),

) Lj1/2] (1 _ p2)n1 jQ ?jg J1—2n3
My (Zg,70) = j1lo% 19a
3 (T2, 02) = Jilo, ZO 2mny (1 — 2my)! (Vl Tx, i Vzo%) (199)
ni=
[72/2] 2\n ~ ~ J2—2n2
L oy 1 —p?)re U2 T2
M = joloy? ( - — . 19b
Y1 (:E27 92) J2 UY1 T;) [2n2n2!(]‘2 _ 2n2)‘ (Vl oy, Vs O'X2> ] ( )
Applying the Newton’s Binomial formula,
~ ~ J1—2n1 Jji—2ny1 [ . ~ng ~j1—2n1—n3
-9 ,
(e ) S (M g ] , (20a)
0X, 0y, n3=0 | ng 0x,%,

B . Go—2n9 ja—2n2 [ , . G ~j2—2n2—"n4
Y2 Zo J2 — 2n2 j2—2ng— y
e = (—1)"4yj2 n2 n4yn4L . (ZOb)
1 2 g Jj2—2n2—nyq

n
ng=0 L 4 X2"Yo
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From (18), (19), and (20),

Lj1/2] j2/2] j1—2n1 jo—2n2 iy — 1
s EEEE ) (g
lhv) =i Z Z Z Z Ny (1 — 2n1)!(j2 — 2np)!

n1=0 no=0 n3=0 n4g=0

Mg, M, (=)™ (L= p?)mtee (g \™ (21a)
Jstn3tna _ji1+je+ja—2n1—-2n2—n3—n4 9nitna,, |y |;,202,,201 ’
o oy, 2 niingtvy "V, Va
where
Mo — # /Oo f]3+n3+N4 exp <_j_%)dj2 (Zlb)
X2 \/ﬂaxg oo 03(2

I U
M- / ~j1+j2+ja—2n1—2n2—n3—ng exp <__2) dis. (21c)

I V2roy, J- . ot

Note thatMy, and My, are moments, respectively of orders + ns + n4) € N and (j; + jo + ja —
2n; — 2ny — ng —nyg) € N, of zero mean Gaussian random variables, respectivelywaitiancesrx, and

oy,. Therefore, using (2) fon/;, and My,

s+ 13 +ng — DM (o 4 ns +ny) even
My, - (Js +ns +ng — Dllo] (js + n3 + na) (223

0 (j3 + nsg + n4) odd

(i +Jo+7da—2n1 —2np —ng —ng — LI . ‘
—(J1+72+7a—2n1—2n2—n3—ny) (‘]1 + )2+ Ja—ns — n4) even

My, = Oy, : (22b)

0 (71 + j2 + ja — n3 — ny) 0dd

Thus, the product/;, My, is

(Js+ns+ng — D1+ ja + ja — 20y — 2ny —ng —ng — 1)1

MX2 MYQ —(jst+nz+na) _—(ji+j2+ja—2n1—2n2—n3z—na) (233.)
JXQ UYQ
if both (j1 + j2 + js + j4) @and (js + n3 + ny) are even, and
Mz, My, =0 (23b)

otherwise.

From (21) and (23),

]1+32+]4—2n1—2n2—n3—n4—1)

Jl —2ny — n3)-(]2 — 2ny — n4)!

oa(iv) =il >0 Y YT Y

n1=0 ne=0 n3z=0 ngs=0

[(_1)js+n3 + (_1)114](]3 +ng +nyg — 1)” (1 pz)ernQ (ﬂ)m_m] (243.)

2mitnetln, Inslnglng! yfm y%"l v

Lj1/2] Lj2/2] j1—2n1 jo—2n2 {

X
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for (j1 + j» + js + js) €ven, and
04(jiv) =0 (24Db)
for (j1 + j2 + js + ja) odd.
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